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1 Basics and main results 

1 1.1 2-immersions in IR n 

On the closed unit disc B := I (u, v) S M 2 : u 2 + v 2 < 1 > C M 2 we consider immersions 
\Q • 1 J 

g : X = X(u, v) = v), . . . , x n (u, v)) € C 3 (B, IR n ) (1.1) 

C — ■ 

q . with the property rankdX = 2 in B for the Jacobian dX G M n . 

Let 97 = {iVi, . . . , N n _ 2 } be a C 2 -differentiable orthonormal section (ONS) of the normal bundle 
of the surface such that 



X u ,-iV*=0, N a • iV* = 5^ for » = 1,2, a,o; = 1, . . . ,n - 2 (1.2) 
(u 1 = u, u 2 = v) with Kronecker's symbol The superscript i means the transposed vector. 



Let iV G spanDt be a unit normal vector. We denote by 

I( X ) = (9ij)i,j=l,2 = (X u i • ^j)ij'=l,2 5 
Hn{X) = (LN,ij)i,j =1,2 = —{X u i ■ N uJ )ij = i y 2 , 

the first fundamental form and the field of the second fundamental forms of X w.r.t. N. 
1.2 Mean and Gaussian curvature fields 

In terms of these fundamental forms one defines the mean and Gaussian curvature fields by 

TT ijV.llS^ — 2Lat j 125'12 + £^,22511 K-N,l + «jV,2 
H N = 2 = o ' 

511522 -gf 2 2 „ 

T T r2 (1-4) 

A AT = n ; — = KN1KN 2 

911922 - 9l2 

with the principle curvatures Kjv,i and i^n,2 w.r.t. the unit normal N. 



Remark. X is called a minimal surface iff Hn = in B w.r.t. all unit normals N. 
For a chosen ONS 9? = {N x , . . . , iV n _ 2 } we define (let H a = H Na etc.) 



H :-- 



n-2 n-2 



^#2, K:=^^. (1.5) 

\ (7=1 



(7=1 



In fact, -ff and K do not depend on the special choice of 91 : H is the length of the invariant mean 
curvature vector 

n-2 

N := H a N a , (1.6) 

(7=1 

and K is the non-trivial component of the Riemannian curvature tensor. 

1.3 Conformal parameters 

We mainly use a conformal parametrization with the properties (see |20| ) 

X 2 = W = X 2 , X u -X t v = in 5. (1.7) 

1.4 /i-stability 

This paper presents the reader three ways to prove generalized stability in the following sense: 

Definition. The conformally parametrized immersion X = X(u,v) is called fi-stable with a real 
constant fi G (0, +oo) and a function q G C 2 (B, M) iff it holds 



\Vv\ dudv>nJJ{q-K)W^ z dudv for all ip € C^°(B, R) (1.8) 

B B 
where q — K > in B. 
Remarks. 

1. The definition is abstracted from the theory of the second variation: A conformally parame- 
trized minimal surface X (as a critical point of the area functional) is called stable iff 



| V(^| 2 dudv > 2 J J (-K)Wip 2 dudv. (1.9) 

B B 

This means /i-stability with [i = 2 and q = (note that K < 0). And a conformally 
parametrized surface with constant mean curvature h$ G R (as a critical point of the area 
functional with a suitable volume constraint) is stable iff 

jj \Vlp\ 2 dudv > 2 jj (2hl - K)Wip 2 dudv, (1.10) 

B B 

that is, it is /^-stable with ^ = 2 and q = 2/iq. 

2. Various criteria are known to realize //-stability in M 3 : For example, stability for minimal 
surfaces pQ, for surfaces of prescribed constant mean curvature [T7j, for F-minimal surfaces 
[6], or for weighted minimal surfaces |10j . 

3. In [2] the reader can find stability criteria for minimal surfaces in the three-sphere S 3 , in the 
hyperbolic space H 3 , and in the Euclidean space R n . In our paper we will especially present 
a new variation of this last result. 
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1.5 Applications of /i-stability 

1. Stability conditions are used to control the area growth of geodesic discs or Dirichlet energies 
of their Gauss mappings. In turn, these estimates help to establish moduli of continuity for 
the mappings, and, finally, such moduli are needed for inner Schauder estimates. We refer to 
[2], [TO], PU, p], [E], pi] for such applications. 

2. Stability conditions are the basis for curvature estimates following the methods of [9] and 
[2D; see [33], [22], [23], and also 



1.6 Main results 

Let us enumerate the results of this paper: 

— > Section 2: We compute the first and second variation of the Fermat type functional 

F[X\ := J J T(X)Wdudv — ► extr! (1.11) 
B 

with a weight T G C 1 (1R" , given such that 

< r min < T(X) < T max < +oo, (1.12) 

and we derive /U-stability criteria for stable critical points; 

— > Section 3: We establish //-stability for surface graphs of prescribed mean curvature fields; 

— > Section 4-' Differential equations for the Hopf functions are derived which give informations 
about the zeros of the Gaussian curvature; 

— > Section 5: /x-stability for minimal immersions with flat normal bundles is established following 
methods of Ruchert [T7] and Barbosa/do Carmo [2]. 

2 The second variation and stability 

Consider the unit normal field (summation over it!) 

n-2 

N^:=TN a , J^(7 CT ) 2 = 1 mB (2.1) 

cr=l 

with coefficients 7 " G C 2 (B,M), and the variation 

X = X + e<pNz; mB, y G C^(B,R), e G (-e , +e ). (2.2) 

2.1 First and second variation of the area element 
Lemma. Using conformal parameters (u,v) G B, there hold 

= -2^7,11 , S N ~h 12 = -2<pL^ 12 , 5 N ~h 2 2 = -2(pL^ t22 (2.3) 



3 



for the variation w.r.t. Ntf, as well as 
2 



7' 

n-2 



5%„h u =2<fi + w {L\ n + L\ 12 ) + 2ip 2 £ + 7^,1}' 



(7=1 

n-2 



2^ + ||7 V 2 ( L 7,n + £7,22)^7,12 + 2^ 2 £ {l° + TO,i}{t£ + 7^,2}' (2.4) 



<7=1 

n-2 



<^22 = 2^ + - ^ 2 {L| jl2 + 4 22 } + 2^ 2 ^ {t,T + TO, 2 y 



cr=l 



with the torsion coefficients T£ k defined in t2.9\) . 

Proof. 1. There hold X u = X u + eip u N^ + e(pNx jU , X v = X v + ecp v N^ + £(pNzj v , and, therefore, 

X 2 = W + 2e<pX u ■ Nt u + s 2 <pl + e 2 ^ 2 Nl u , 

X V = W + 2e V X v ■ Nl v + e 2 ip 2 v + eV^?,, , (2-5) 
X u ■ X.% = e{X u ■ Nl v + X v ■ NiJ if + e 2 y u y v + eVA^ ■ % 

taking N^ >u % ■ Nt = 0, i = 1, 2, into account. 

2. We introduce the forms 

Lff ti j := X u i u j ■ N~ = -X u * ■ N^ uj = -X u j ■ N^ ui (2.6) 

noting that X u i ■ Ni^ = -X u i^ ■ Ni, and X u ■ N^ v = X v ■ N^ u due to the symmetry of 
L a ij. Then, equations (|2.5p can be written as 



Xl = W - 2e<pL* t u + e 2 vl + e V-N? 



7,u ' 

Xl = W - 2e<pL^ 22 + e 2 ?l + eV^?,, , (2.7) 
X u ■ X f v = - 2£tpL^ }12 + e 2 <p u <p v + e 2 ip 2 N %u ■ Nl . 



3. The Weingarten equations (see [5]) 

N^ ul = -L a ^W k X{ k + T^Nl , i = 1, 2, a = 1, . . . , n - 2, (2.8) 
with the torsion coefficients 

T^:=\ , (2.9) 

[ 0, else 

and written in terms of conformal parameters, imply 



N- — 


^7,11 


x u — 


£7,12 

w 


N- — 

1 v 7,u 


^7,12 


x u — 


£7,22 


w 





(2.10) 
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This in turn leads to 

j 2 i r2 n-2 
As 11 + L,. 



(T=l 

%«-^, B = + L ^ 22 ^7,12 + Efc +TTS A }{iS +TTZ >2 }, (2.ii) 



(T=l 



r2 _i_ T 2 n-2 „ 

(T=l 

Inserting into A2.TH proves the statement. 

□ 

Note that 2W5W = h 22 5hu - 2h 12 5h 12 + h u 5h 22 . Thus, oW = -2^VFv? in view of flZI]) with 
the mean curvature w.r.t. N^. Together with 

5 2 W = X - 5 2 h u + ~ 5 2 h 22 + -L i/ini/ia - ip (<5^i 2 ) 2 - ^ (<W) 2 (2.12) 

using conformal parameters we arrive at the 

Corollary. (Second variation of the area element) 
Using conformal parameter it holds 

n ~ 2 ( 2 2^1 

5 2 W = \V^\ 2 + 2K^W^ + Y, + +{lv+rT^ 2 ) U 2 (2.13) 

(7=1 ^ 

/or arbitrary (p £ Cq°(-B,R) mi/i i/ie Gaussian curvature w.r.t. Na. 
2.2 First and second variation of Fermat's functional 

We compute 6[T(X)W] = [5T{X)]W + T(X) 5W = T X (X) -NlWip- 2T(X)H^Wip . Thus, for a 
critical point of Fermat's functional it holds 

= 6 JJ T{X)Wdudv = J J {v x {X) • iV| - 2T(X)H^ Wcpdudv (2.14) 

B B 

for all <*p E C^°(-B,R), which gives its mean curvature w.r.t. Nts 

T X (X) ■ Ni 

Theorem. The second variation of Fermat's functional J-[X] is 
5 2 N „F[X;(p] = JJ T(X)\Vip\ 2 dudv 

B 

+ 2 J J • Ni f - 2H% + T(X)Wip 2 dudv 

B 

+ + TO,i) 2 + (^ + 7^, 2 ) 2 }r(x)^ 2 ^ 

B CT=1 

/or arbitrary (p € Cq°(-B,R) along = j a N a , and the mean curvature field H~ ( from \2.1Si) . 



(2.16) 
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Proof. From §- £ T{X)W = T X (X) -NtW<p + T(X) §- £ W we conclude 

^F[X] = JJ Ur(X)H{X,N^W(p + T{X)^w\ dudv. (2.17) 

B 

A further differentiation w.r.t. e at e = gives 

S 2 N ^[X;<p] = 2 jj [Tx{X] ■ NiH{X,N^) + T{X)H X {X,N^) ■ N^Wip 2 dudv 



-2 J J ^2T(X)H(X,N^) 2 + r x (X)-Ni f H(X,N^W^ 2 dudv 

B 

+ JJ T(X)\Vip\ 2 dudv + 2 JJ T(X)K^Wip 2 dudv 

B B 

+ JJ E { (t£ + txJ 2 + + r^a 



(2.18) 



, n-2 

Y(X)ip dudv, 

B (7=1 

and the statement follows. □ 
Remarks. 1. In case n = 3 all torsion coefficients vanish, and it follows that 

5%F[X;<p} = JJ {|V^| 2 + 2H X (X,N) ■ N* - 4H(X,N) 2 + 2K^T(X)dudv (2.19) 

B 

for all ip G C^°(B, R). Now, let X be stable, that is <5^[X; y>] > for all <p G C (B,R). 

Corollary. A stable critical point X of Fermat's functional, such that 2H 2 — Hx • N l — K > 0, is 
^-stable with < \i < 2 f^ and q = 2H 2 - H x • N*, H(X, Z) from VHM . 

2. Let X be a minimal surface, that is X is critical for the area functional (T(X) = 1). Set 
7* = 1 for one index i? G {1, ... ,n — 2}, and 7 " = for a 7^ 1?. Then 

= ^ (|V^| 2 + 2K & W<p 2 ) dudv + JJ/Z {(^,i) 2 + ^hf) V 2 dudv. (2.20) 



B 



Assume X is stable, that is tiff A[X] > for all = 1, . . . , n - 2 w.r.t. the an ONS 9t. Then 
summing up these n — 2 stability inequalities (with the same (p) gives 



JJ \Vip\ 2 dudv > ^-^JJ (-K)Wp 2 dudv 

B B 

—JJ^^lif + iTl,) 2 } 

D 0\#=1 



(2.21) 



n 



ip 2 dudv 



for all ip G Co°(5,R). The second integral is what we call the total torsion of 91. If X has 
flat normal bundle, then there exists an ONS 91 which is free of torsion: T$ k = 0. 



Corollary. The stable minimal surface X G (£(£?, R n ) iuif/i flat normal bundle is ^-stable with 
< /j, < ^2 an d 5 = 0. 

The general case of non-flat normal bundle will be analysed in a future paper. 
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3 /i-stability due to Schwarz 

3.1 A differential equation for the projection mapping x 

The following function \ 1S the initial point of Schwarz' method to prove stability. 
Lemma. Using conformal parameters, the function 

X ■ ) J ■ x u x v ~ x u x v i (3-1) 

satisfies in B the differential equation 

n—2 n—2 n—2 

A X = - 2 ^ [ml -K a }w X + Y.Y. S ^Knl - nj n i ) 

(7=1 (7=1 LU=1 

n-2 n-2 

+ 2 E E {( n « x * ~ n l x D T ^i - ( n ^ x2 u - nlxi)T^ 2 } H a (3.2) 

(7=1 LU=1 
n-2 

+ 2 ^2{ H <r,u(nlxl - n\x\) - H a>v (nlxl - n^x*)} 

(7=1 

with the components 

S a,ij ■= T^u> ~ T :,i,u* + T l^h ~ T *J T e,i > *> 3 = 1, 2, a, u = 1, . . . , n - 2, (3.3) 
of i/ie curvature tensor of the normal bundle. 

Remarks. 1. For immersions in M 3 , the function x equals the third component of the unit 
normal vector of the surface. Thus, we call x the projection mapping of the graph. 

2. Due to Ricci's integrability (see [8]) conditions there hold 

s a,i2 = a^iL^ijLuj^ ~ L a< 2jL Ui kx) for a,u = 1,. . . ,n- 2. (3.4) 

Sketch of the proof. 

1. We compute the first derivatives Xu and Xv ■ Using the Gauss equations (see [5]) 



n-2 



Xu*ui — ^ij X u k + 5^ L a> ijN a , i,j — 1, 2, (3-5) 



cr=l 



with the Christoffel symbols r*- = | g ' (gu lV ? + Qjt^ ~ 9ij,u l )i h3, fe = 1, 2, we calculate 

1/1 2 i 12 2 1 2 1 \ t 

u V^un-^ti ~r ^u^uv ^uu^v ^u^uvJ y^2 

' (W u x^ - W„x^ + W^x* + W u x 2 v xi) 



2W 2 



+ i- w u x l x l + W v x 2 v x l v - W v x\x\ - W u x\x\) -y^J (3 g) 



n-2 



+ vj7 E { L ^n( n i^ - n M) - L «M n l x l - n l x i)} 

(7=1 

- n-2 

V^F E { L o-,ll(»£a£ - ™M) - ^a,i2(nix^ - raja?*) J 



<T=1 

using conformal parameters, and analogously for Xt 
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2. A computation of Xuu, taking —L a ^2,u + 2H ayU W + 2H a W u , the Weingarten equations and 
the Gauss equations into account, gives 



Txr n—2 



xuu = - r^Yl { L vM n l x l - n l x l) - L *M n l x l - n l x i)} 

(7=1 
^ n-2 

~ w E { L ^2,u( n l x l ~ nlxl) + L a ,x2,u{n\x\ - nlxl)} 

(7=1 

j n-2 

~~ "^72 E j^ 11 ~*~ ^: 12 } ( X « X « ~~ X U X l) 

(7=1 
^ n-2 n-2 

+ w E E {^.n^ifai^ - ^4) - ^,12^(^4 - n^)} 
<t=1 u;=l 

1 

+ 2W2 E { L a,nW v (xlnl - x\nl) + L a;11 W u (xlnl - xln 2 a )} 

(7=1 

~ E { L ^ W ^( x l n l ~ x l n l) ~ La,i2W v {x 2 v nl - xlnl)} 

(7=1 
j n-2 n-2 

+ EE { L ^n L ^,i2 - Ar.iaAu.n} (njn£ - n^n^) 

(7=1 W=l 

n-2 

+ E { 2i ^«^ + 2^W tt } (nlxl - nlxl). 

(7=1 



An analog expression can be computed for \ vv . Summation would show 

^ n-2 

Ax = w E {H*W u {nlx 2 v - nlxl) - H a W v (nlx 2 a - n 2 a xl)} 

a=l 

j n-2 



(7=1 

n-2 n-2 



^ IV IV ^ 

+ w E E - ^,22)^,12 - (^w,n - ^,22)^,12} (njrajj, - n^ni) 

(7=1 W=l 

n-2 n-2 

+ E E { L «M T Zi + L W T ^} (nlx 2 v - nlxl) 

a=l uj=1 
. n—2 n—2 

+ ^7 E E { " ~ L ^ 2 } (nlxl - n 2 u xi) 

(7=1 Ul=l 

n-2 

+ 2 [H^ u (nlxl - nlxl) - tt a , u (n\ x l ~ nlxl)} W 



(3.7) 



(3.8) 



(7=1 
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^ n-2 

E {( L <T,12,V ~ £a,22,u} {n\x\ - n\x\) 

(7=1 * ' ' 



^ n-2 

+ X] {^.H.* ~ L ^,12,«} 0ct4 - n a4) 



CT=1 

In the last two rows we insert the equations of Codazzi/Mainardi (see [5]) in the form 

n-2 



£<7,12,t> — L a; 22,u — — H a W u + ^(^,22^,1 — Aj,12^2 

oj=1 

n-2 



(3.9) 



and we arrive at 

n-2 



AX = "^E {i',u + 2L* 12 + ^,22} (44 " 44) 

(7 = 1 

- n— 2 n— 2 

+ W E E {t^. 11 ~ L ^22)^a;,12 ~ (Aj.11 ~ ^,22)^,12} ~ 
a=l lj=1 

n-2 n-2 

+ 2 E E {( n -4 " - i n K - n l X D T c,2 } H a 

(7=1 Ll) = 1 

n-2 



(3.10) 



+ 2 Y, {Ha,u(« - rfcl) - H a>v (nlx 2 u - n*4)} W. 



The statement follows. 



□ 



3.2 /i-stability for mean curvature graphs 



Evaluating (|3.2[) in general is rather difficult. Therefore, we confine to the following special situa- 
tion: 

Theorem. Given a conformally parametrized graph X of prescribed mean curvature field H = 
(Hi, . . . , H n _2), Hu = H a (X, Z), w.r.t. a torsion-free ONS 9t. Then it holds 

n-2 

A X = - 2{2H 2 - K)W X + 2 ^(# CT ,x • X l u + ■ AQ(t£4 - n\x\) 



(7=1 

n-2 



(3.11) 



- 2 ■ Xl + H^z ■ K^inlxl - r£4) m B . 

cr=l 

Assume, furthermore, that 

< Xmin < X in B (3.12) 
wit/i o real constant Xmin, and, furthermore, with real constants h m i n , hi, and hi let 

0<h min <H, \H a>x I < hi , \H (T ,z\<h 2 for all a = 1, . . . ,n - 2. (3.13) 
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Then, the graph is ^-stable in the sense of 

J J \V<p\ dudv >vJJ ( 2 # 2 - K)Wip 2 dudv 



(3.14) 



for all Lp £ C$°(B,R) and all 



< n < 2 



V2 



(n-2)(h 1 + h 2 ) 

hmin 



+ 2h 2 



(3.15) 



Xmin 

with its mean curvature H and its Gaussian curvature K. 
Remarks. 

1. If X is a minimal surface, that is h m i n , h±,h 2 = 0, then condition (|3.12p is not needed. Note 
that because fi < 2, all /i-stabilities are included in the one stability fi = 2. 

2. For n = 3, condition f)3. 12|) means a bound on the gradient of the graph. 
Proof of the theorem. 

1. Because X is a graph over the [x, y]-plane, the function % is positive. We estimate as follows: 

n-2 n-2 

A X < -2(2H 2 -K)W X + V32 £>i|X u | \X V \ + V8 £> 2 (K )U | \X V \ + \N a , v \\X u \) 



(7=1 



(7=1 



n-2 



< - 2{2H 2 - K)W X + V2(n- 2){h x + h 2 )W + V2h 2 | ViV CT 



(3.16) 



(7=1 



< -2(2i/ 2 -i^)VFx + ^2 | 



(n-2)(hi + h 2 ) 

hmin. 



2h 2 > (2H 2 - K)W. 



2. For any <p G Cg°(5,R) it holds \V^\ 2 = {tpx~ X )\ 2 + f • Vx* - 4 |Vx| 2 . Taking 



div 



x 1 x 



2 ^ V</3 • Vx* — |Vx| 2 + ^- Ax into account, we obtain 



|Vv9| 2 = xlV^x^r+div 



V Xu fx» \ V 5 



X X 



— Ax 

X 



> /IV^X- 1 )! 2 + div ( , £*L ) + 2{2H 2 - K)W^ 2 



X X 



(3.17) 



-V2 



(w-2)(/ti + fe 2 ) 



+ 2/i 2 f (2# 2 - K)W 



Xr. 



Integrating using conformal parameters shows 
\Vip\ 2 - fi(2H 2 - K)W^ 2 } dudv 



B 

I Xmin 

and the statement follows. 



(n-2)(hi + h 2 ) 

hm.in. 



+ 2h 2 



(3.18) 



2# 2 - K)W<? ducfo, 



B 



□ 
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4 The Hopf field. Branch points 

The Hopf- functions (cp. with [E]), which we now introduce, are essentially used to prove our 
^-stability result in the next section. 

Definition. The Hopf function TCn of the surface along a unit normal vector N is defined as 

Hn ■= £jV,ll — £jV,22 _ 2zLtv,12 • (4.1) 

Recall Wirtinger's differential symbols <S> W := \ (<£ u - i$ v ), <3? w := \ ($ M + i§ v ) using complex 
variables w = u + iv. 

Proposition. Given the section (X, 91), X conformally parametrized, it holds 

n-2 

H a , w = 2H a , w W + J2 {(V22 + iL u>12 )TZ tl - {L Ut21 + iL^T^} (4.2) 

w=l 

for all a = 1, ... ,n — 2. 

Remark. If the ONS 91 is free of torsion and X is minimal, then all H a are holomorphic: H a ^ = 0. 
Proof of the Theorem. For H* := — iL a ,i2 = \ 'Ha + WH a it holds 



1 i 

^C,«J = 2 (^o-,ii,« + Ar,12,v) + n (-^o-,ll,u — L aj i2,u)- (4.3) 



Inserting (|3.9p shows that 



1 



- 2 (W« + + WH a>v (4 4) 

- n-2 

+ 2 {(^. 22 + ^^,12)^,1 — (Aj,21 + i-^oi, 11)^,2}; 

0J=1 

and rearranging the last identity for H a ^s proofs the statement. □ 

Corollary. Given the section (X, 91) with a minimal surface X together with a torsion-free ONS 
91. Then, in every compact subset B' CC B the Gaussian curvature of X vanishes at most at 
isolated points. 

Proof of the Corollary. There hold 

\H a \ 2 =n a -7U = 4(-K a )W 2 for all (j = l,..., n-2, (4.5) 

and therefore 

n-2 

(T=l 

for the Gaussian curvature of the minimal immersion. But due to holomorphy, in every compact 
set B' CC B all the \TC a \, a = 1, . . . , n — 2, vanish at most at isolated points. □ 
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5 /i-stability due to Barbosa/do Carmo and Ruchert 

Theorem. Given the section {X, 9?) with a conformally parametrized minimal immersion X and 
with a torsion-free ONS 91. For any real kq > we assume that 

Q:= J J ( Ko - K)W dudv < lo (5.1) 
B 

with a real constant u>o £ (0,47r) and the Gaussian curvature K of X. Next, let S 2 C S 2 denote a 
spherical cap such that 

Area (S£) = u , (5.2) 

and let fx > be the smallest eigenvalue of the spherical Laplacian on S 2 . Then, X is fi- stable with 
this number fi, that is it holds 

\V(f\ 2 dudv >^jj (-K)W(p 2 dudv (5.3) 

B B 

for all tp € Cq°(B,R). 

Proof. With a real kq > we consider the auxiliary function 7 = k,q — K > (note K < 0), and 
denote by K the Gaussian curvature of the new regular and conformal metric with coefficients 
9ij := 79iji hJ = 1) 2. First, we will show K < 1 using the methods of |17j . 

1. Due to the conformality it holds K = — 4^ /Wogy/W , such that 

1 K = -^/\\og^W = K-^/\\og^ (5.4) 

and it follows 

~ 2 

7 3 K = 7 2 K + _ ( 7u;7 __ 77u) _). (5.5) 



Analogously, we calculate 



2. From (14.61) we conclude 



2 r 



n-2 

^£|W*| 2 = -* = 7-ko. (5.7) 

(T=l 

3. We introduce the following notation for an inner product: Let v = (v\, . . . , u n — 2) G C n ~ 2 
and w = (u>i, . . . ,w n -2) £ C n_2 be complex- valued vectors, v = (7J1, . .. , u n -2) etc. for its 
complex conjugation, and 



n— 2 n—2 n—2 

V *W = W 

cr=l cr=l cr=l 



*i; = ^w ff !D ff GC, \\v\\ 2 = v * v = v (jVa = ^2 \ v °\ 2 e ^- 



Then we rewrite (|5.7p into the form 



7 = 4l^ H * W + K0 = 41^ l|H| ' 2 + K ° ' (5 - 9) 
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4. We differentiate 7 (note that all H a ,w = due to (|4.2|) ) and obtain 

1 nl^n, 2W W 1 - 2W W 



Now the second derivatives: 



a r 1 ^ „. w,„ „„, ll2 



2 p{^wW*H m + ^7i*H w } + ^ ||^|| 2 (5.11) 



1 f„, 3TK,WW 



2W 3 1 ww W 

These identities imply 



2 



i w jw-i7 W w = -^74 {(n*n w )(H*n w )- \\n\\ 2 \\n w \\ 2 } 



16W 4 
\\n\\ 2 

AW 7 W 2 

5. We estimate 



n w - — w w n 



as well as 



6. Finally, we arrive at j w yuj — llww < \ W — \ KW, therefore 



(5.12) 



wnw 2 7 2 7 2 

u_iL ^ 7 = _ ( 7 _ Ko ) 7j ps:^ = — J— kw - y Kiy + ko^KW 
2 2 

= - -L RW - y («o - 7)^ + ^07(^0 - 7)^ ( 5 - 13 ) 
= ? r W / - 7 T -^W + 7(^0 -?t)koW < TrW-Tr^W, 



(H*H W ){H*H W ) - \\H\\ 2 \\H W \\ 2 = (H*H W )(H*H W ) - \\H\\ 2 \\H W \\ 2 < (5.14) 
using the Cauchy-Schwarz inequality. 



7 3 if < 7 2 if + 7 3 - 7 2 K = 7 3 , (5.15) 

which means K < 1. 

7. Now, we prove the //-stability inequality. Let A denote the Laplacian w.r.t. the regular metric 
gij, and let A > be the first eigenvalue of the homogeneous Dirichlet problem 

A<p + \<p = mB, cp = ondB. (5.16) 

Next, with S~ C S 2 , ui E (0, 4-7r), we mean a spherical cap with the property 

Area(Sg) = Q (5.17) 

with Q < ujq given in the Theorem, and A^ > is the first eigenvalue of the problem 

A >* + A V =0 in S~ , f* = on 3Sl (5.18) 

with the spherical Laplacian A*. 
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Note that K < 1 = K{S 2 ) for the Gaussian curvature of the sphere S 2 , and Q is also the area 
w.r.t. the metric gij. Because S~ is a geodesic disc in S 2 , it minimizes the first eigenvalue 
(see [2]) such that 

AJ < Ai . (5.19) 

On the other hand, by assumption, 5^ C S 2 is a spherical cap with first eigenvalue [i and 
Area (S 2 ) = u>o, and by Q < ujq and the monotonicity of the first eigenvalue we have [i < A* 
(see [2]). Using conformal parameters, this gives 



J J \V(p\ 2 dudv 

B 

(ko — K)W(p A dudv 



H < A* < Ai < for all p G Cg°(B,M), (5.20) 



B 

while rearranging shows 



| Vip\ 2 dudv > n J J (ko - K)W(p dudv >^JJ (-K)Wip 2 dudv (5.21) 



for all <p £ C^°(B, M.) due to kq > and X < 0. The statement is proved. 



□ 



Remark. With a real a G (0, 2], let K < a for the Gaussian curvature K in our proof. Due to [2], 
a minimal surface is stable (p = 2) if 

(-K)Wdudv < . (5.22) 

1 + a 

B 

In fact, K < 2 is established in [2] with different methods than we used above. We could improve 
this curvature estimate {K < 1) under the assumption of a flat normal bundle. 
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